The Rayleigh-Taylor instability of two supersposed couple-stress fluids of uniform densities in a porous medium in the presence of a uniform horizontal magnetic field is studied. For mathematical simplicity, the stability analysis is carried out for two highly viscous fluids of equal kinematic viscosity and equal couple-stress kinematic viscosity. A potentially stable configuration remains stable under certain conditions, and a potentially unstable configuration is stable under certain conditions. The magnetic field stabilizes a certain wave-number range k > k*, which is unstable in the absence of the magnetic field.
Introduction
The instability of a plane interface between two incompressible viscous fluids of different densities, when the lighter one is accelerated into the heavier one, has been discussed by Chandrasekhar [1] . Bhatia [2] has studied the influence of the viscosity on the stability of a plane interface separating two incompressible superposed conducting fluids of uniform density, when the whole system is in a uniform magnetic field. He has carried out the stability analysis for two highly viscous fluids of equal kinematic viscosity and different uniform densities. The Rayleigh-Taylor instability of two viscoelastic (Oldroyd) superposed fluids has been studied by Sharma and Sharma [3] .
With the growing importance of non-Newtonian fluids in modern technology, the investigation of such fluids is desirable. Stokes [4] has formulated the theory of a couple-stress fluid. The presence of small amounts of additives in a lubricant can improve the bearing performance by increasing the lubricant viscosity and thus producing an increase in the load capacity. These additives in a lubricant also reduce the coefficient of friction and increase the temperature range in which the bearing can operate.
A number of theories of the microcontinuum has been proposed and applied (Stokes [4] ; Lai et al. [5] ; Walicka [6] ). The theory of Stokes [4] allows for polar effects such as the presence of couple-stresses and body couples and has been applied to the study of some simple lubrication problems (see e.g. Sinha et al. [7] ; Bujurke and Jayaraman [8] , Lin [9] ). According to [4] , couple-stresses appear in fluids with very large molecules. Since the long chain hyaluronic acid molecules are found as additives in synovial fluids, Walicki and Walicka [10] modeled synovial fluids as couple-stress fluids in human joints. Generally, the magnetic field has a stabilizing effect on the instability, but there are a few exceptions also. For example, Kent [11] has studied the effect of a horizontal magnetic field, which varies in the vertical direction, on the stability of parallel flows and has shown that the system is unstable under certain conditions, while in the absence of a magnetic field the system is known to be stable. In all the above studies, the medium has been considered to be non-porous.
In recent years, the investigation of the flow of fluids through porous media has become an important topic due to the recovery of crude oil from the pores of reservoir rocks. A great number of applications in geophysics may be found in the books by Phillips [12] , Ingham and Pop [13] , and Nield and Bejan [14] . When the fluid permeates a porous material, the gross effect is represented by the Darcys law. As a result of this macroscopic law, the usual viscous and couple-stress viscous terms in the 0932-0784 / 02 / 1200-0955 $ 6.00 Verlag der Zeitschrift für Naturforschung, Tübingen · www.znaturforsch.com equation of couple-stress fluid motion are replaced by the resistance term À 1 k 1 ðm À m 0 r 2 Þq ! , where m and m' are the viscosity and couple-stress viscosity, k 1 is the medium permeability and q the Darcian (filter) velocity of the couple-stress fluid. Recently, the thermal instability of a couple-stress fluid in a porous medium in the presence of rotation and magnetic field, separately, has been studied by Sharma et al. [15] and Sharma and Thakur [16] . Keeping in mind the importance and applications of non-Newtonian fluids, porous medium and magnetic field; the present paper attempts to study the hydromagnetics of superposed couple-stress fluids in a porous medium.
Formulation of the Problem and Perturbation Equations
We consider an incompressible couple-stress fluid layer, consisting of an infinitely conducting (hydromagnetic) fluid of density 1, arranged in horizontal strata and acted on by a horizontal magnetic field H(H, 0, 0) and a gravity field g(0, 0, À g). This fluid layer is assumed to be flowing through an isotropic and homogeneous porous medium of porosity e and medium permeability k 1 .
The hydromagnetic equations governing the motion of a couple-stress fluid through a porous medium in hydromagnetics are
where 1, p and q(u, v, w) are the density, pressure, and filter velocity of a hydromagnetic fluid, respectively. v, v' and m e stand for the kinematic viscosity, couplestress kinematic viscosity and the magnetic permeability, respectively. Eqs. (1) and (2) represent the equations of motion and continuity for the couple-stress fluid, whereas (3) represents the fact that the density of a fluid particle remains unchanged as we follow it with its motion, whereas (4) and (5) are Maxwells equations. The initial stationary state, whose stability we wish to examine, is that of an incompressible couple-stress fluid of variable densitiy, viscosity and couple-stress viscosity, arranged in horizontal strata in a porous medium. The system is acted on by a horizontal magnetic field H(H, 0, 0). Consider an infinite horizontal layer of thickness d bounded by the planes at z ¼ 0 and z ¼ d. The character of the equilibrium of this initial static state is determined, as usual, by supposing that the system is slightly disturbed and by following its further evolution. Let d1, dp, q (u, v, w) and h(h x , h y , h z ) denote, respectively, the perturbations in hydromagnetic fluid density 1(z), pressure p(z), velocity (0, 0, 0) and magnetic field (H, 0, 0). Then the linearized perturbation equations governing the motion of the couplestress fluid through the porous medium are
Analyzing the perturbations into normal modes, we assume that the perturbed quantities have a space and time dependence of the form
where k x , k y are the wave numbers along the x-and ydirection, respectively, k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
is the resultant wave number of disurbance, n the growth rate of the harmonic disturbance which is, in general, a complex constant, and f(z) is some function of z.
For perturbations of the form (11), (6) - (10) become
where
Eliminating dp between Eqs. (12) - (14) and using Eqs. (15) - (18), we obtain
Two Uniform Couple-stress Fluids Separated by a Horizontal Boundary
We consider the case when two superposed couplestress fluids of uniform densities 1 1 and 1 2 , uniform viscosities m 1 and m 2 and uniform couple-stress viscosities m 1 ' and m 2 ' are separated by a horizontal boundary at z ¼ 0. The subscripts 1 and 2 distinguish the lower and the upper couple-stress fluids, respectively. Then, in each region of constant 1, constant m and constant m', (19) becomes
The general solution of (20) is a linear combination of the solutions e
AEkz and e AEqz .
Since w must vanish both when z !À 1 (in the lower fluid) and z !þ 1 (in the upper fluid), the general solution of (20) can be written as
where A 1 , B 1 , A 2 , B 2 are constants of integration,
In writing the solutions (22) and (23), it is assumed that q 1 and q 2 are so defined that their real parts are positive. The solutions (22) and (23) 
The conditions on a free surface are that
must be continuous. Therefore ik x t xz þ ik y t yz , with the help of (15), yields that
must be continuous at the interface z ¼ 0. Integrating (19) across the interface z ¼ 0, we obtain another condition:
where w 0 is the common value of w 1 and w 2 at z ¼ 0.
Applying the boundary conditions (25), (26), (30) and (31) to the solutions (22) and (23), we abtain
Eliminating the constants A 1 , B 1 , A 2 , B 2 from (32) -(35), we obtain a fourth order determinant. This determinant can be reduced to a third order determinant by subtracting the first column from the second, the third column from the fourth and adding the first column to the third. Removing the factor q 1 À k and q 2 À k (as q 1 ¼ k and q 2 ¼ k are two characteristic roots which lead to trivial solutions) and expanding the remaining determinant, we obtain the following characteristic equation:
Discussion
The dispersion relation (36) is quite complicated, as the values of q 1 and q 2 involve square roots. We therefore make the assumption that the couple-stress kinematic viscosity n' is very high.
Under this assumption we have
Putting n 1 ¼ n 2 ¼ n, n 1 ' ¼ n 2 ' ¼ n' (the case of equal kinematic viscosities and equal couple-stress kinematic viscosities), for mathematical simplicity, but any of the essential features of the problem would not be obscured by this simplifying assumption, we have
and q
Substituting the values of q 1 þ k, q 2 þ k, q 2 1 þ k 2 and q 2 2 þ k 2 from (38) and (39) in (36), we obtain the dispersion relation
A 5 ¼ ½en 0 ðP 1 P 9 þ P 2 P 8 þ P 3 P 7 þ P 4 P 6 Þ þ k 1 ðS 1 X 10 þ S 2 X 9 þ S 3 X 8 Þ þ S 6 ; A 4 ¼ ½en 0 ðP 1 P 10 þ P 2 P 9 þ P 3 P 8 þ P 4 P 7 þ P 5 P 6 Þ þ k 1 ðS 2 X 10 þ S 3 X 9 þ S 4 X 8 Þ þ S 7 ;
A 3 ¼ ½en 0 ðP 2 P 10 þ P 3 P 9 þ P 4 P 8 þ P 5 P 7 Þ þ k 1 ðS 3 X 10 þ S 4 X 9 þ S 5 X 8 Þ;
A 2 ¼ ½en 0 ðP 3 P 10 þ P 4 P 9 þ P 5 P 8 Þ þ k 1 ðS 4 X 10 þ S 5 X 9 Þ;
A 1 ¼ ½en 0 ðP 4 P 10 þ P 5 P 9 Þ þ k 1 ðS 5 X 10 Þ; A 0 ¼ ½en 0 ðP 5 P 10 Þ; 
